MULTILATERAL INVERSION OF A r , C r AND D r 
BASIC HYPERGEOMETRIC SERIES 



MICHAEL J. SCHLOSSER* 



Abstract. In [Electron. J. Combin. 10 (2003), #M0], the author presented 
a new basic hypergeometric matrix inverse with applications to bilateral basic 
hypergeometric series. This matrix inversion result was directly extracted from 
an instance of Bailey's very-well-poised QijiQ summation theorem, and involves 
two infinite matrices which are not lower-triangular. The present paper fea- 
tures three different multivariable generalizations of the above result. These 
are extracted from Gustafson's A r and C r extensions and of the author's re- 
cent A r extension of Bailey's 6^6 summation formula. By combining these new 
multidimensional matrix inverses with A r and D r extensions of Jackson's 807 
summation theorem three balanced very-well-poised s"08 summation theorems 
associated with the root systems A r and C r are derived. 



1. Introduction 

In Th. 3.1], the author presented the following matrix inverse: 
Let \q\ < 1, and a, b and c be indeterminates. The infinite matrices {f n k)n,k& 
and (gki)k,i& are inverses of each other where 

_ (ag/6,6g/a,ag/c,cg/a,6g,g/6,cg,g/c)oo 

Ink 



(q, q, aq, q/a, aq/bc, bcq/a, cq/b, bq/c) 



and 



^ (1 - bcq 2n /a) (b) n+k (a/c) k _ n 
(1-bc/a) {cq) n+k {aq/b) k _ n 



(l-aq 2k ) (c) k+ i(a/b) k -i k _ t 
9ki = —r. ^77— \ 1 — T~\ — 1 ■ (l.lbj 



'I -a) (bq) k+ i(aq/c) k ^i 
(The notation is explained in Section |21 
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This result was directly extracted from an instance of Bailey's [SI Eq. (4.7)] 
very-well-poised Qip G summation formula, 



3^6 



qy/a, —qy/a, b, c,d,e _ a 2 q 
\fa, - \fa, aqj b, aqj c, aqj d,aq/e ,(1, bcde 



(q, aq, q/a, aq/bc, aq/bd, aq/be, aq/cd, aq/ce, aq/de) ( 
(aq/b, aq/c, aq/d, aq/e, q/b, q/c, q/d, q/e, a 2 q/bcde) c 



;i.2) 



where \a 2 q/bcde\ < 1 (cf. JTUl Eq. (5.3.1)]). 

If we let c — > a in we obtain a matrix inverse found by Bressoud [7j 

which he directly extracted from the terminating very-well-poised 605 summation 
(a special case of (jl.2j) ). If, after letting c — > a, we additionally let a — > 0, we 
obtain Andrews' Lemma 3] "Bailey transform matrices", a matrix inversion 
underlying the powerful Bailey lemma. While Bressoud's matrix inverse underlies 
Andrews' WP-Bailey lemma [2] (WP stands for "well-poised") which generalizes 
the classical Bailey lemma, the "bilateral" matrix inverse (jl.lj) underlies the BWP- 
Bailey lemma, a bilateral generalization of the WP-Bailey lemma, see |27| . 

In [21] , several applications of to bilateral basic hypergeometric series were 
given. One of them included a new very-well-poised g?/>g summation formula, see 
Proposition 12. II in this paper. 

Here we apply part of the analysis of [24] to multiple sums. In fact, by appropri- 
ately specializing Gustafson's A r and C r Qips summations [HJH2], anc ^ an A r 6^6 
summation by the author > we derive three multidimensional extensions of the 
bilateral matrix inverse and deduce three multidimensional g^g summations, 
associated with the root systems of type A r and C r , as applications. These are 
obtained via multidimensional inverse relations, applied to A r and D r extensions 
of Jackson's terminating balanced very-well-poised g07 summations, taken from 

Our paper is organized as follows. In Section El we first cover some prelimi- 
naries on basic hypergeometric series. In the same section, we also explain some 
facts we need on multidimensional basic hypergeometric series associated with 
root systems. We list several multi-sum identities explicitly there for easy refer- 
ence. SectionElis devoted to multidimensional matrix inversions. In particular, we 
give three new explicit multilateral matrix inverses, which are directly extracted 
from corresponding multivariate summation formulae. Our applications, see 
Section HI include three balanced very-well-poised 8 ?/>g summation formulae, two 
of them associated with the root system A r , the third with the root system C r . 
These new multivariate g^g summations comprise, via specialization and analytic 
continuation, corresponding multivariate g07 and 6^6 summation formulae. Fi- 
nally, we show in the Appendix how an incorrect application of multidimensional 
inverse relations leads to a false result, namely a divergent D r very- well-poised 
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6^6 summation (which however remains true for r 
terminates) . 

2. Preliminaries 



1, or whenever the series 



2.1. Basic hypergeometric series. We recall some standard notation for basic 
hypergeometric series (cf. J.lDj), and then turn to some selected identities. 

Let q be a complex number such that < \q\ < 1. We define the q-shifted 
factorial for all integers k by 



lid 

3=0 



aq J 



and 



(aq k ) 



For brevity, we employ the condensed notation 

)k ■= (a x ) fc ...( Q"m)k 
where is an integer or infinity. Further, we utilize 



2, 



9,2 



E 

fc=0 



. ai, a2, 



V, 



1- 



and 



d\, a 2 , 
&i, 62, 



q,z 



E 



(ai, 02, . . . , a s )fc 
(61,62, • • • ,6 s ) fc 



(2.1) 



(2.2) 



to denote the basic hypergeometric s 4> s -i series, and the bilateral basic hyperge- 
ometric s ip s series, respectively. In (|2.1j) or (|2.2|) . ax,...,a s are called the upper 
parameters, 6 1; . . . , b s the lower parameters, z is the argument, and q the 6ase of 
the series. See jl()l p. 5 and p. 137] for the criteria of when these series terminate, 
or, if not, when they converge. 

The classical theory of basic hypergeometric series contains numerous summa- 
tion and transformation formulae involving s <p s -i or s ip s series. Many of these 
summation theorems require that the parameters satisfy the condition of being 
either balanced and/or very-well-poised. An s s _i basic hypergeometric series is 
called balanced if 61 • • • 6 S _! = ai • ■ ■ a s q and z = q. An s s _i series is well-poised 
if aiq = a 2 bi = ■ ■ ■ = a s 6 s _i. An s s _i basic hypergeometric series is called 
very-well-poised if it is well-poised and if a 2 = —a 3 = q^fa~\. Note that the factor 

y 2k 

(2.3) 



a>iT 



1 — di 

appears in a very-well-poised series. The parameter a\ is usually referred to as the 
special parameter of such a series. Similarly, a bilateral s ip s basic hypergeometric 
series is well-poised if a\b\ = a 2 b 2 ■ ■ ■ = a s b s and very-well-poised if, in addition, 
a>\ = —a 2 = qb\ = —qb 2 . Further, we call a bilateral s ip s basic hypergeometric 
series balanced if b\ • • • b s = a\ • • • a s q 2 and z = q. 
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A standard reference for basic hypergeometric series is Gasper and Rahman's 
texts [TU] . In our computations in Sections 01 and |U we frequently use some ele- 
mentary identities of g-shifted factorials, listed in (TUJ Appendix I]. 

One of the most important theorems in the theory of basic hypergeometric series 
is F. H. Jackson's terminating balanced very-well-poised §07 summation (cf. 
[10, Eq. (2.6.2)]): 



8<?7 



a, qy/a, — qy/a, b,c,d,a 2 q 1+n /bed, q n 
a, —y/a, aq/b, aqj c, aqj d, bcdq~ n / a, aq 1+n ' ^ 

(aq, aq/bc, aq/bd, aq/cd) 1 



. (2.4) 
(aq/b, aq/ c, aqj d, aq/bcd) n 

A combinatorial proof of the elliptic extension of ([2.4)1 . namely of Frenkel and 
Turaev's [§] 10V9 summation, which degenerates to a combinatorial proof of ()2.4|) 
in the trigonometric special case, has recently been given in [2*3] . 

In |24[ Thm. 4.1], Jackson's summation ()2.4)1 was utilized, in conjunction with 
the bilateral matrix inverse (jl. lj) , to derive the following balanced very- well-poised 
g"08 summation formula: 

Proposition 2.1. Let a, b, c andd be indeterminates, let k be an arbitrary integer 
and M a nonnegative integer. Then 



#8 



qy/a, — qy/a, b,c,dq k ,aq k /c, aq 1+M /b, aq M /d 

-y/E, aq/b, aq/c, aq l ~ k /d, cq 1+k , bq~ M , dq 1+M ' g ' q 

(aq/bc, cq/b, dq, dq/a)M (cd/a, bd/a, cq, cq/a, dq 1+M /b, q~ M )k 
(cdq/a, dq/c, q/b, aq/b)M (q, cq/b, d/a, d, bcq~ M /a, cdq l+M / a)k 

(q, q, aq, q/a, cdq/a, aq/cd, cq/d, dq/c)^ 



(cq, q/c, dq, q/d, cq/a, aq/c, dq/a, aq/d) c 



(2.5) 



Note that two of the upper parameters of the sV's series in ()2.5|) (namely b 
and aq l+M /b) differ multiplicatively from corresponding lower parameters by q AI , 
(namely bq~ M and aq/b, respectively) a nonnegative integral power of q. 

One can also derive (or verify) ()2.5|) by adequately specializing M. Jackson's [To"! 
Eq. (2.2)] transformation formula for a very-well-poised g^g series into a sum of 
two (multiples of) g07 series (cf. [101 Eq. (5.6.2)]): 



#8 



_qyja, -qy/a, b, c, d,e,f,g 
a, aq/b, aq/c, aq/d, aq/e, aq/ f, aq/ g ' 



a 3 q 2 



a, -y/a, aq/b, aq/c, aq/a, aq/e, aq/f, aq/g ' " bcdefg 
(q, aq, q/a, d, d/a, bq/c, bq/e, bq/ f, bq/g, aq/bc, aq/bc, aq/bf, aq/bg) c 
(q/b, q/ c, q/ e, q/ f, q/ g, aq/b, aq/ c, aq/ e, aq/ f, aq/g, d/b, bd/ a, b 2 q/ a) 



x 8 7 



3^2 



b /a, qb/yfa,—qb/yfa,bc/a,bd/a,be/a,bf/a,bg/a_ a q 



b/ y/a, -b/ y/a, bq/ c, bq/ d, bq/e, bq/ f, bq/ g 



bcdefg 



+ 
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(g, aq, q/a, b, b/a, dq/c, dq/e, dqj f, dq/g, aq/cd, aq/de, aq/df, aq/dg) c 



X 807 



(2.6) 



(g/ c, qj d, qj e, qj f,q/g, aq/ c, aq/ d, aq/ e, aq/ f, aq/ g, b/ d, bd/ a, d?q/a) 
d 2 /a, qd/ y/a, —qd/y/a,bd/a,cd/a, de/a, df /a, dg/a a 3 q 2 
d/ Va, -d/ \/a,dq/b, dq/c, dq/e,dq/f, dq/g ,q, bcdefg_ 

where \a 3 q 2 /bcdefg\ < 1, for convergence. In particular, substituting d t— > dq k , 
and then letting e — > aq~ k /b, f — > aq 1+M /b, g — > aq~ M /d, the coefficient of the 
first 807 series on the right-hand side becomes zero (as it contains (g~ M )oo), while 
the second 807 series can be summed by an application of Jackson's terminating 
807 summation in (j2.4j) . This way of establishing ()2.5|) works so far only in the 
classical one- dimensional case, as no multiple series extensions of ()2.6|) are yet 
known. Our multivariate extensions of Proposition 12 .11 in Section 0] of this paper, 
see Theorems 14.11 and 14.51 (obtained by suitable extensions of the analysis applied 
in which we find attractive by themselves, can be understood as a first 

step in the quest of finding multivariate extensions of the very-well-poised 8"08 
transformation formula (|2.6|) . or of even more general transformations. 
Two special cases of Proposition 12.11 are worth pointing out: 

(1) If c — > a (or c — > q~ k ), then the bilateral series in (j2.5|) gets truncated 
from below and from above so that the sum is finite. By a polynomial 
argument, q M can then be replaced by any complex number. If we replace 
it by bc/aq, perform the substitutions d 1— > dq~ k , and finally replace k by 
n, we obtain exactly Jackson's terminating balanced very-well-poised 807 
summation in ([2.4)1 . 

(2) If, in (j2.5J) . we let M — > 00, perform the substitution d h-> dq~ k , and rewrite 
the products of the form (x)k as (x) 00 /(a;g' c ) 00 , we can apply analytic con- 
tinuation to replace q h by a/ce (in order to relax the integrality condition 
of k) where e is a new complex parameter. We then obtain exactly Bailey's 
very- well-poised qiJjq summation in (|1.2|) . 

2.2. Multidimensional basic hypergeometric series associated with root 
systems. A r (or, equivalently, U(r + 1)) hypergeometric series were motivated 
by the work of Biedenharn, Holman, and Louck ^J] in theoretical physics. The 
theory of A r basic hypergeometric series (or "multiple basic hypergeometric se- 
ries associated with the root system A r " , or "associated with the unitary group 
U(r + 1)"), analogous to the classical theory of one-dimensional series, has been 
developed originally by R. A. Gustafson, S. C. Milne, and their co-workers, and 
later others (see [HJ U21 UH UH1 1201 121] for a very small selection of papers in 
this area). Notably, several higher- dimensional extensions have been derived (in 
each case) for the g-binomial theorem, g-Chu-Vandermonde summation, g-Pfaff- 
Saalschiitz summation, Jackson's 807 summation, Bailey's io0g transformation, 
and other important summation and transformation theorems. See ^H] for a 
survey on some of the main results and techniques from the theory of A r basic 
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hypergeometric series. Multiple basic hypergeometric series associated with other 
roots systems than A r have been first defined by Gustafson ^2] who succeeded 
in giving several multivariable extensions of Bailey's summation. In particu- 
lar, some important results for C r and D r basic hypergeometric series have been 
derived in jH El El US1 EDI I2H| (~ again, this is a very imcomplete listing). 

We note the conventions for naming our series as A r , C r or D r basic hyper- 
geometric series. We consider multiple series of the form ^2 k k2 kr S(k), where 
k = (ki, . . . , k r ), which reduce to classical basic hypergeometric series when r = 1. 
We call such a multiple basic hypergeometric series balanced if it reduces to a 
balanced series when r — 1. Well-poised and very- well-poised series are defined 
similarly. 

Further, such a multiple series is called a C r basic hypergeometric series if the 
summand S'(k) contains the factor 

n Xjq kl - gjgfc -i-r 1 - XiXjq ki+k * 
rr> . rp , A J_ 1 rf . ry . 

l<i<j<r J l^^J^ 7, 

Note that when r = 1, (|2.7jl reduces to 

1 - x\q 2kl 



\-x\ ' 

which is ()2.3j) with x\ acting like the special parameter of a very-well poised series. 
In our statements of C r theorems, we set Xi \— > y/axt for i = 1, . . . , r, and make 
similar changes to other parameters in S(k). This is done in order to follow the 
classical notation in [12] as closely as possible. A typical example of a C r basic 
hypergeometric series is the left-hand side of (|2.12jl . 

D r multiple basic series are closely related to C r series. Instead of f!2.7|) . S(k) 
only has the following factors: 

j-j (xiq kl ~ Xjq k i)(l - XjX^ 1 ^) ^ ^ 

Ki<j<r ( Xi ~ X j'fi ~ XiX l) 

A typical example is the left-hand side of (j2.13J) (with i— >■ yfcdxi for i = 1, . . . , r). 
A r basic hypergeometric series only have 

n x ^ - x > qkj (2.9) 

-1 L r^> . Jf> . 



l<i<j<r 

as a factor of S(k). Typical examples are the left-hand sides of (|2.1(J|) and (|2.11|) . 
A reason for naming these series as A r , C r or D r series is that (|2.9|) . (|2.8|) . and (|2.7|) 
are closely associated with the product side of the Weyl denominator formulae for 
the respective root systems, see l2~2l l2*5j . 
For compact notation, we usually write 

|k| := k\ + ■ • • + k r , where k = (k%, . . . , k r ), 



MULTILATERAL INVERSION OF A r , C r AND D r SERIES 7 

and 

C:—c\---c T , E:=e\---e r , etc. 

We now list several multivariable extensions of Jackson's §07 summation (|2.4j) . 
The first identity is taken from [TTl Thm. 6.17]. 

Proposition 2.2 ((Milne) An A r terminating balanced very-well-poised §07 sum- 
mation formula). Let a, b, Cj, . . . , c r , d and X\, . . . , x r be indeterminate, and let 
M be a nonnegative integer. Then 

\- t-t Xjq k > - Xjq k i j-t 1 aXiq^M -pj (cjXj/xj)^ 
' Xj — X, -j--^ 1 — axi (qxi/xi)k 

ki,...,k T >01<i<j<r 3 i=l i,i=l w ' 37 1 



0<|k|<M 



(axj)| k | (dxi, a 2 Xiq 1+M /bCd) kt (b, q~ 



x TT 'i k i ^ ' u »y /"^"jfej y ;ik| |k| 

^ (aXig/Q)| k | (axiq/b, aXiq 1+M ) ki (aq/d, bCdq~ M /a)| k | 

_ (aq/bd,aq/Cd) M yr (aXiq,aXiq/bci) M (2 10) 
(aq/d,aq/bCd)M \ (aXiq/b, ax^qjc^u 

The following identity was recently obtained in (2H1 Eq. (4.3)]. 

Proposition 2.3 ((S.) An A r terminating balanced very-well-poised §07 summa- 
tion formula). Let a, b, c 1; . . . , c r , ti and xi, . . . , x r be indeterminate, and let M 
be a nonnegative integer. Then 

\- (1 - ag 2|k| ) -i-r Xjq k ' - x^ yr {cjXi/xj) ki 

^— ' (1 — a) Xa — xa (qXi/xAh. 

0<|k|<M 

-tt (ag/Cgj^iki-fci (&/g»)|k| (^k (a, a 2 g 1+M /&Cd,g~ M )| k | |k| 

f = { (P/ x i)\it\-ki {aCiq/Cxid)\ k \ (aXiq/b) ki {aq/C, bCdq- M /a, aq 1+M )\ k \ q 

_ (aq,aq/bd) M yr (aq/Cx^aXiq/bc^M (211) 
(aq/C, aq/bCd)M ~\ (axiq/b, aCiq/Cxid) AI 

The following identity was derived in [HJ Thm. 4.1], and, independently, in [20, 
Thm. 6.13]. 

Proposition 2.4 ((DENIS-GUSTAFSON; MlLNE-LlLLY) A C r terminating bal- 
anced very-well-poised 807 summation formula). Let a, b, c, d and x%, . . . ,x r be 
indeterminate and let mi, . . . , m r be nonnegative integers. Then 

E-p-r Xjq kl - Xjq k J -p-r 1 - ax i x j q ki+k i yj { < f mix il x ^ ax i x j)k i 



,. . .. 3Cj i^ s' s- ^ ax^Xj . . [aXiXjq ^ ,qx^l Xj) k . 

i=l,...,r 



X 



MICHAEL J. SCHLOSSER 

(bxi, cXi, dxi, a?Xiq l+ \ m \ /bcd)ki \u\ 



-j^- (axiq/b, axiq/c, axiq/d, bcdxiq~\ m \ / a) kl 

r 

l<i<j<r M=l 

(aq/bc, aq/bd, aq/cd)\ m \ 
Hl =1 (axiq/b, axiq/ c, ax t q/ d, aq l+ \ m \~ mi /bcdxi) mi 

The last extension of (|2.4jl we need was derived in [2H1 Thm. 5.17]. 



(2.12) 



Proposition 2.5 ((S.) A D r terminating balanced very-well-poised 807 summa- 
tion formula). Let a, b, c, ci, . . . , c r , d, and x\,...,x r be indeterminate and let M 
be a nonnegative integer. Then 

\ - T-r Xjq kl - Xjq k J 1 - q^g fc ' +|k| A (aspjkj (ag/cdg,)| k |_ fc< 
fcl ,^>oi<7<L fi 1-aXi f=I {oXiQ/^aCiq/cdx^ 

0<|k|<M 

n, . I "1 r \CjXi/ Xj , cdXiXj J Cj)k. 

(<^>*,u n ^ 

l<i<j'<r ij'=l w 4/ 

(6,a 2 g 1+A V6crf,g- M )|k| , k , 

^ !__! Q 

YTi=i( ax i<l/b, bcdxiq~ M /a, aXiq l+M ) ki 

_ -rr {aXiq.aXiq/bCi.aCiq/bcdXi.aq/cdx^M (2 13) 
~T (aq/bcdxi, aciq/cdxi, axiqjci, axiq/b)M 

A closely related -D r terminating balanced very-well-poised 807 summation, 
equivalent to Proposition 12.51 by reversing summations of the "rectangular form" 
of Proposition I2.5( given in Thm. 5.6], was derived by Bhatnagar, see [3J 
Thm. 7). 

Next, we list several multivariable extensions of Bailey's QipQ summation in (jl.2|) . 
The first of these was derived in Thm. 1.15]. 

Proposition 2.6 ((Gustafson) An A r very-well-poised qi(jq summation formula). 
Let a, b, ci, . . . , c r , d, e\, . . . , e r and X\, . . . , x r be indeterminate. Then 

Xiq kl - Xjq k i -rr 1 - axig fcl+|k| -A- (cjXi/xj) ki 



Ett •I'iH ~ •I'jH J T r J- — uxjy t— r 
A A /y» . rp . -I — L ^ n it ■ 

ki,...,kr=~oc l<i<j<r 



X 



% — i — i 

rr (e^)| k | (^) fca (b)|k| / a r+1 q N 

AJ- (axj5/cj)| k | (axiq/b) ki (aq/d)\ k \ \bCdE 
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{aq/bd,a r q/bE,aq/Cd) OQ yj (aXiq/ciejXj, qxi/xj)^ 
(a r+1 q/bCdE,aq/d,q/b) OD .'^ (qXi/c 

tt (axiq/bcj, aq/ dejXj, axjq, q/axj)^ 
11 (axiq/b,axiq/ c h q/ dx h q/ eiXi)^ ' 

provided \a r+1 q/bCdE\ < 1. 

The following identity was recently obtained in Thm. 6.1]. 

Proposition 2.7 ((S.) An A r very-well-poised summation formula). Let a, 

b, ci, . . . , c r , d, ex, ... , e r and xi, . . . , x r be indeterminate. Then 



1 "-T? 

OO 



\- (1 -Qg 2|k| ) yr Xjq^ - Xjq k i yr (CjXi/Xj)^ 
(^ _ n \ 11 t* : — y ■ 11 



/,, /, x ( X - a ) x<7<j<r X *~ X J ijii («*<l/ei*i)ki 

x yr {aq/Cdxi)^ {bE/aT^c^ {dx t ) kt _ (E/a^ 1 )^ / a r+1 q \ |k| 
1 = 1 (6E/a r Xi)| k |_ fci (actq/Cdxi)^ (axiq/b) ki (aq/C)^ \bCdE ) 

{aq.q/a.aq/bd)^ {qxj/xj, axjq/ 'cje^Xj)^ 

(aq/C, a r+1 q/bCdE, a r ~ 1 q/ E)^ (qXi/ciXj, aXiq/ejXj)^ 

TT {a r Xiq/bE,aq/eidx h aq/Cdx h ax i q/bc^ 00 
7=i (^^^iq/bE.q/dXi.aXiq/b.aCiq/CdXi)^ 

provided \aq r+1 jbCdE\ < 1. 

The third extension of (|1.2|) we need is taken from [T21 Thm. 5.1]. 

Proposition 2.8 ((Gustafson) A C r very- well-poised 6"06 summation formula). 
Let a, b, Ci, . . . , c r , d, e\, . . . ,e r and x\, . . . ,x r be indeterminate. Then 

ET-r x^g 1 — x^g J tt 1 — axiXjq K * +K: > 
A. -L. y . t« . A. A. 1 T* ■ T* ■ 

£,•!,...,&,.=— 00 l<i<j<r l<«<j<»~ 



X 



n(cjXi/ 'xj, ejX,iXj)k i -1 r (J)x i , dx i^j k i fa q 
( nv-.Y-n 1 r ■ nY-n If y ■ 1 r J- J. 



x (aXiXjq/ Cj, axiqj ejXj) ki ^' (axiq/b, ax { q/ d) ki \bCdE 

l<i<j<r l^i^J^T" 

(aq/bd)^ yj {ax&j 1 c^jX^qXi/ 'Xj)^ 

X 



n 



a r+1 q/bCdE) 00 1 (axiq/ejXj, q/e j Xj ^ 3^ j . QjX> 2, X> jq/ci, qXi/ciXj) c 

2,7 — 1 



-p-r (axjq/bci, aq/bejXj, axjq/ dd, aq/ dejXj)^ 
11 (axiq/b^q/bx^axiq/d^q/dxi)^ 



x 

i=i 
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provided \a r+1 q/hCdE\ < 1. 

Having listed several of the most fundamental summation formulae of the theory 
of multidimensional basic hypergeometric series associated with root systems, we 
are now ready to turn to the derivation of new results. 

3. Multidimensional matrix inversions 

Let Z denote the set of integers. In the following, we consider infinite r- 
dimensional matrices F = (fnk)n,k& r an d G = (g n k)n,k€Z<-, and infinite sequences 
and {b n ) n& r. 

Clearly, F is the left-inverse of G, if and only if the following orthogonality 
relation holds: 

^2 /nktfki = flni for all n, 1 G IT. (3.1) 

kez r 

Further, F is the right-inverse of G, if and only if the following orthogonality 
relation holds: 

X)Wki = 5m for all n,leZ r . (3.2) 

kez r 

If F is the left-inverse and the right-inverse of G we simply say that F and G 
are mutually inverse or inverses of each other. 

Note that in (J3.1)) and (|3.2j) we are not requiring that the infinite r-dimensional 
matrices are lower-triangular (which would mean that / n k = g n k = unless n > k, 
where by the latter we mean ni > k{ for all i — 1, . . . , r). If they were lower- 
triangular, the multiple series on the left-hand sides of ()3.1|) and ()3.2j) would 
be in fact finite sums (and both relations must then hold at the same time). 
In the general case, the sums are infinite. If the summands of the infinite series 
involve complex numbers, we require suitable convergence conditions to hold (such 
as absolute convergence; for interchanging double sums we further need uniform 
convergence). Note that convergence of one of the sums does not necessarily imply 
convergence of the other. 

Now consider the following two equations (a.k.a. "inverse relations"): 

^ /nkflk = b n for all n, (3.3a) 

kez r 

and 

2_j 9kibi = «k for all k. (3.3b) 

It is immediate from the orthogonality relations ()3.1|) and ()3.2j) that if F is the 
left-inverse of G, the relation (j3.3b|) implies (|3.3a|) . while if F is the right-inverse 
of G, the relation (|3.3a|) implies ()3.3b|) . subject to convergence. 



MULTILATERAL INVERSION OF A r , C r AND D r SERIES 11 

Similarly, one may consider another pair of equations, where one sums over the 
first (instead of the second) multi-index of the matrix: 

} J ink^n = »k for all k, (3.4a) 

n€Z r 

and 

gkibk = a\ for all 1. (3.4b) 

kez r 

Again, it is immediate from the orthogonality relations (j3.1j) and ()3.2j) that if 
F is the left-inverse of G, the relation (J3.4aj) implies (J3.4bj) . while if F is the 
right-inverse of G, the relation (|3.4b|) implies (|3.4a|) . again subject to convergence. 

We are ready to state and prove three multidimensional matrix inverses, all of 
them as consequences of corresponding multivariate ^ipe* summations which have 
been stated in Section [21 

Theorem 3.1 (An A r multilateral matrix inverse). Let a, b, Ci,...,c r , and 
Xi,...,x r be indeterminate. Then (/ n k)n,keZ'- o,nd (gki)k,ieZ'- are inverses of each 
other where 

nk {bq/C^Cq/b)^ Al (qCjXi/ciX^qXi/xj)^ 

% i3 — * 



n 



(axiq/b, bq/axi, axiq/ci, c^qjaxi 



(axiq/bci, bciq/ax i} ax { q, q/aXi)^ 

n c/Vg ~ TT 1 - bciq n ^/axi 



l<i<j<r 1 01 3 i=l ' 



r 



1 -A- (axi/ci) 



x (°) k TT " TT ^ UJji/ Ui) ^~ ni (3 5 a 



i (SPjXi/xj^+ki f = \ (aXiq/b) kHn \ 



and 



gui 



f-i j-j 1 — r/./',r/''' ' 

l<i<J<r ~* i=l 



1 — ax,- 

x ri ( w^)*,^ n ^4%^ ■ ? |kMi ' ( 3 - 5b ) 

(&?)|k|+|i| ^ 3 f = \ {axiq/ci) w - k 

Proof. We show that the inverse matrices (|3.5a|) / ()3.5b|) satisfy the orthogonal- 
ity relation (|3.1|) . (An analogous computation reveals that the inverse matrices 
(|3.5a| / ()3.5bj) also satisfy the dual orthogonality relation 1)3.2)1 .) Writing out the 
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sum J2kez r /nkfl'ki with the above choices of / n k and #ki we observe that the mul- 
tiple series can be summed by an application of the A r very-well-poised Qip& sum- 
mation in Proposition 12.61 The specializations needed there are 

b i— > 6g' n ', Ci^Ciq li , d i— ► aq~' l '/b, ei^aq~ nt /ci, i = l,...,r. (3.6) 

The summation formula gives us a product containing the factors 

r 

(<7 1+|IHn| )oo J] (g 1+n '~S-V^;)oo. (3.7) 

Since ()3.7j) vanishes for all r-tuples of integers n and 1 with n ^ 1, we can simplify 
the product (setting n = 1, the only non-zero case) and readily determine that the 
sum indeed boils down to 5 n i. The details are as follows: 

Jjt nk ^ kl fciv .Xl_ oc (bq/C, Cg/6)oo Ai^ (qcjXi/dXj, qxi/xj)^ 

ry (axjq/b, bqj ax u axjq/ c h c^/ axj)^ 
Ai (axiq/bd, bdq/ax i} axiq, q/axi)^ 

-j-j- Ciq^/xj - c J q"-r l -q 1 - bciq ni+ ^/aXi 
C'j I cc ^ Cn I x 7 X bcj I exec j 

l<i<j<r 1 313 i=l ' 

l rr (axj/cj)| k |_ ni 



x 



xwh+w n r^zrj^ , n 



x 



x 



n Xjq — djq ■- T-r 1 — I 

l<i<j<r X * ^ »=1 1 

1 TTV / \ tt {axi/b) ki 



(6g)| k |+[i| ^ 1 ' (a^g/c^iki-i, 

{bq^q/b)^ yj (qcjXi/xj, qXi/ciXj), 



n 



X 



(bq/CiCq/b)^ L ± (qCjXi/ 'ciXj,qXi/ 'xj)^ 

x tt (axjq/b, bq/axj, axjq/ci, c^/ axi)^ 
fj^ (axiq/bd, bciq/axi, ax { q, q/axi)^ 

j-j Cjq^/xj - Cjq^/Xj ~Q 1 ~ ^g ni+|n| /aXj 
Ki<j<r c i/ a '» — Ci/^i i=1 1 — bCi/aXi 

x (6) TT 1 TT ( QX »/ c »)-"i 
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1 Til / \ fl {axi/b)-\ x \ _ H1 , 

x tttv~ II \ c 3 x i/ x m II 7 r\ ' q 

E-j-r x^' - gj-g fc J -pj 1 - ax^+W -pj {^CjXj/xj)^ 

fc lr .,fc r =-oo l<i<i<r 1 1 i=l 1 i,j=l [q C 3 X i/ X 3)ki 

X t=\ (a^9 1_Zi /ci)[k| (ax^-H/fc^. ' (V+lil)^ Q 

{bq.q/b)^ -A- {qCjXi/x^qXi/ciXj)^ 
(bq/C^Cq/b)^ ±± (qCjXi/ciXj^qXi/xj)^ 

tt {axjq/b, bq/axj, axjq/ q, qq/ ax^ 
(axiq/bd, bdq/axi, ax { q, q/aXi)^ 

x jt Ciq ni /Xj - Cjg^/xj ~Q 1 ~ &c,g" i+|n| / aa: i 
Ki<j<r c «/ x « — c j/ x j i=1 1 _ bCi/aXi 
x tt (cjXi/xj)^ (axi/d)-^ (axj/b)-\i\ _ (%j 

(Q c 3 x i/ X j)nj _T ( ax i<l/ c i)-k (az*?/&)-|n| (&?)|1| 

(^l 1 !-!"!, Cq/b^bq/C)^ A _(g_ 1+ ^~' l c j x i /Qx j , qxi/xj)^ 

11 r„i 



X 



(g, |n| /fr)oo A J- (g 1 ^Xi/ciX^q^^CjXi/xj)^ 

x tt (Q^g 1 ~''~ |n| /&Q,&c i g 1+n ' +|1| /aa: i ,a^g,g/aXj) 00 
(axig 1 -! 11 !/^, axiq 1 - 1 * /fy,bq x +\ x \/axi,(^q x ^ /axi^' 

Now we set n = 1, apply several elementary identities from ^UJ App. I] and apply 
the n i— > r, Xj i— > Ciq~ Ul /xi, yi i— ► rij, i = 1, . . . , r, case of [THl Lem. 3.12], specifically 



r / \ |n|— mi i i 

TT(-) TT wfi-wi (3.9) 

- LJ - v x,; / - LJ r . Ciq Ui jXi — Cjq n i /Xj 



x 

i=l x 7 l<i<j<r j j- i j 



to transform the last expression obtained in ()3.8j) to <5 n i. □ 

Remark 3.2. The Cj — ► 1, i — 1, . . . , r, case of Theorem 13.11 can be reduced to 
Milne's [THJ Thm. 3.41] A r extension of Bressoud's matrix inverse |7j. In particular, 
since l/(q) n+ k = for n + k < 0, and (l)k+i = for + / > 0, the orthogonality 
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relation (j3.1j) then reduces to 

/] /nk^kl = ^nl? 



i=X,...,r 



i.e. (after replacing k by — k), 



/n -k^-k,! — <^nl- 



i=l,...,f 



The r-dimensional matrices (/ n ,-k)n,kGZ r ' an d (fl , -k,i)k,iez r are thus mutually inverse 
lower-triangular matrices. 

Theorem 3.3 (Another A r multilateral matrix inverse). Let a, b, c\,...,c r and 
#1, ... ,a; r 6e indeterminate. Then (/nk)n,kgz r «^<^ (fi'kOk.ieZ 7 ' are inverses of each 
other where 



_ (aq/C, Cq/a)^ -pj {qCjXi/x^qXi/ciX 



(ag, g/a)oo (qcjXi/ciXj, qxi/xj)^ 

axiq/b, bq/axi, bciq/Cxi, Cxiq/bci 



x 



X 



n (axiq/bci, bctq/axi, Cx { q/b, bq/Cxi)^ 
Ciq nz /xi — Cjq n i /xj yj ' &Cjg ni+ ' n '/Wi 



Ki<j<r C il X i ~~ C j/ X j i=1 ^ ~ i> c i/ ax i 

1 -A- {bci/Cx 



i (QCjXi/zAnj+ki f = \ {axiqjb) ki -\ n \ 



and 



0ki 



n xtq — Xjq ■> -p-r i — c 



(1-a) , A1 , iCi-^ A | l-b/Cxi 

v ' l<i<j<r J i=l 

x — n (c^/x^ n J^t 1 " ■ ? |kMi ' ( 3 - iob ) 

(ag/C)|k|-|i| .Jji f = A (6c i g/Ca:i)|k| + j j 

Proof. The proof is similar to the proof of Theorem 13 . 1 1 but utilizes Proposition 1213 
in addition to Proposition 12.61 

We first show that the inverse matrices (j3.1()aj) / (|3.10bjl satisfy the orthogonality 
relation (|3.1|) . Writing out the sum 5^ kgZ r /nk^ki with the above choices of / n k 
and gia we observe that the multiple series can be summed by an application of 
the A r very-well-poised 6^6 summation in Proposition 12.71 The specializations 
needed there are exactly the same as in Equation ()3.6|) . Again, the summation 
formula leads to a product containing the factors in (|3.7|) . We can thus simplify 
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the product (setting n = 1, the only non-zero case) and readily determine, by 
applying several elementary identities for g-shifted factorials, including (|3.9j) . that 
the sum indeed boils down to 5 n \. 

An analogous computation reveals that the inverse matrices (j3.10aj) / (j3.10b|) also 
satisfy the dual orthogonality relation ()3.2|) . Writing out the sum Xlkez r S'nk/ki 
with the above choices of g n k and /ki we observe that the multiple series can be 
summed by an application of the A r very-well-poised 6^6 summation in Proposi- 
tion ESI The specializations needed there are 

a i-> b/a, b i-> Cq-W/a, d i-> bq W /C, 

Ci^Ciq ni , ei^bq~ h /aci, Xi^Ci/x u i = l,...,r. 

The summation formula gives us a product containing the factors 

r 

(<7 lHI|+H )oo J] (q^^CiXj/cjXiU. (3.11) 

Since (I3.11|) vanishes for all r-tuples of integers n and 1 with n ^ 1, we can simplify 
the product (setting n = 1, the only non-zero case) and readily determine, by 
applying several elementary identities for g-shifted factorials, that the sum indeed 
boils down to 5 n \. We omit the details, being similar to those as in the proof of 
Theorem 13.11 □ 

Remark 3.4. The Cj — > 1, i — 1, . . . ,r, case of Theorem 13 . 31 can be reduced to the 
author's [26, Cor. 3.2] A r extension of Bressoud's matrix inverse [7], which can be 
also obtained by specializing Bhatnagar and Milne's matrix inverse |5J Thm. 3.48]. 
As in Remark 13.21 the r-dimensional matrices (/ n ,-k)n,kez r an d (fi'-k,i)k,iez r are 
then mutually inverse lower-triangular matrices. 

The following matrix inverse serves as a bridge between C r series and D r series. 

Theorem 3.5 (A C r /D r multilateral matrix inverse). Let a, b, C\,...,c r and 
x\, . . . , x r be indeterminate. Then (/nk)n,kez r ^ s the left-inverse o/(gki)k,iez»- where 



ink=n 



(axiq/b, bq/axi, bxiq, q/bxi 



J- (axiq/bci, bc^q/axi, bxiq/c i} Ciq/bxi)^ 

Wi i j=\\Q.CjXil Xj, qXij c^Xj, ax, L Xjq/ c^, Cjqf 1 ax^x j t 



x 



Wi ,j=x (.QCjXi/ CiXj, qxi/ Xj^joo Y\\^i^j^ r (^0'XiXjq, q/ aXiXj 
x -q Cjq^/Xj-Cjq^/Xj -q (aXjXj/cj)^^ 

Ki<j<r C i/ X i ~ C j/ X j jj =1 vl C i X i/ X j)ki+nj 
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n - bci/axi) (1 - tei/cj) (axiq/b) ki -\ a \ _< 



i=l 

and 



*•= ii " :r ii 



Xiq ' — XjQ ' 3 T-r 1 — aXiXjq 



00 ' i OC i 1 Oj^jC 'I tic i 

l<i<j<r 3 l<i<j<r 1 



r 

X 



.-W (aXiXjq/cj)^. JLJL (fa- ? ) fe . +|1| 

Proof. The proof is completely analogous to the proofs of Theorems 13.11 and 13.31 
with the only difference that the orthogonality relation (|3.1jl of the inverse matrices 
(|3.12a|) / (j3.12b|) is now established by using Proposition 12.81 The specializations 
(J3.6j) again lead to a product containing the factors in (J3.7)) . □ 

Remark 3.6. Theorem 13.51 states that (/ n k)n,kez r is the left-inverse of (<7kl)k,leZ r ■ 
This is because the infinite multiple sum ^ kgZ r /nk^ki converges for all r = 1, 2 ... , 
and evaluates to 5 n \. On the contrary, (/ n k)n,kez r is not the right-inverse of 
((7ki)k,iez r unless r = 1. The infinite multiple sum ^kez r Pnk/ki converges for 
all r but for r > 1 in general does not evaluate to 5 n i (which we find quite surpris- 
ing!). In particular, we do not have a closed form evaluation for the convergent 
multilateral sum 

y-v -j-r Cjq^/Xj - <■,(/''' ■ ;'-rj t-t (1 bCiq ki+ M/aXi)(l - bxjq w ~ ki /ci) 
jb-oc iM<r ° l/Xl ~ °i /x i f=I (1 _ hc ^ ax ^ 1 - hx il°^ 

x rr {q^CjXj/ x^Cjq-^ / aXjXj)^ yr (togg 1 * ,bq~ k /as,)|k| | k | 
11 {q lJ rk c . Xi l XhCj qi-k/ aXiX ^ k 11 (fo-g 1+n< , 6g 1_Tli / oa: i)|k| 

To see what can go wrong, when one applies inverse relations in an incorrect way, 
see the Appendix. 

Remark 3.7. The c, of Theorem 13 .51 reduces to a multi- 

dimensional matrix inverse involving two lower-triangular matrices being mutually 
inverse (a C r /D r extension of Bressoud's matrix inverse |Zj), a result first derived in 
|2*3*1 Thm. 5.10]. The combination of this inversion with Denis-Gustafson's/Milne- 
Lilly's [211201 C r terminating balanced very- well-poised §07 summation, stated here 
as Proposition I2.4[ led in [2H1 Thm. 5.14] to a D r terminating balanced very-well- 
poised 807 summation, equivalent (by a polynomial argument) to the D r summa- 
tion stated here as Proposition 12.51 

4. MULTI VARIABLE BALANCED VERY- WELL-POISED $?p 8 SUMMATIONS 

As applications of the multilateral matrix inverses of Sectional we provide three 
multidimensional extensions of the g^s summation formula in Theorem 12.11 
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Theorem 4.1 (An A r balanced very- well-poised gipg summation formula). Let a, 

b, Ci, . . . , c r , d and x\, . . . , x r be indeterminate, let ki, . . . , k r be integers, and let 
M be a nonnegative integer. Then 

E-j-r Xiq TH - xjq n * T~r 1 a^g n ' +|n| j^r (cjXj/xj)^ 

ni,...,n r =— oo l<i<j<r J i=l M=l 

-pj (a^g~ fc 7Q)| n | (bxi,aXiq~ M /d) ni (dq^,aq 1+M /b)\ n \ ^ 
(aXig/Q)| n | (bxiq- M , axiq 1 -^ jd) n% (dq 1+M , aq/b)\ n \ 

(qCjXi/ciXj^Xi/xj)^ T-r (axiq^q/axuaxiq/cid.cidq/axi)^ 



i^ii (qCjXi/xj^qXi/ciXj)^ fj^ (axtq/ci, Ciq/aXi, axiq/d, dq/axi) 
{dq/C.Cq/d)^ (dq,aq/bC) M yj {ciq/bx h dq/aXi) M yj (qejXi/ 'xj) ki 



n yCjq/uXj, uq/UXj)M TT 
{ r r\ n i n r ■ n hnr ■ \ » , r J- A 



(dq.q/d)^ (aq/b,dq/C) M L J; (cidq/axi, q/bxi) M (qCjXi/ciXj) 



(bd/a,q M )\u\ yr (cjd/aXj)^ (gq/ 'ax h Cjdq 1+M /bCxj) ki 



(d,&Cg M /a)| k | £1 (rf/axi)| k | c^g 1+M /axi) fci 

Proof. We combine the multilateral matrix inverse in Theorem 13.11 with the A r 
extension of Jackson's terminating balanced very-well-poised 807 summation in 
Proposition I2.2[ using the inverse relations (|3.4|) . (Alternatively, we may also use 
the inverse relations ()3.3|) . with a similar analysis as in the proof of Theorem 14.31 ) 
In particular, we have (|3.4b[) . with (gkOk.iez 1 - as in (|3.5b|) . 

^ _ (bq/d,bq/C) M yr (aXiq,aXiq/cid) M yr ^ c , x j x \ 
1 (bq,bq/Cd) M l_T (axiq/d, ax iq/ci) M 5 J ' J 

^ (6g 1+M /d)|i| -q (ciq- M /ax il c i d/ax i ) h 



(bqM,bq/d)\i\ f = \ ( Cl dq- M /ax t ) u (bq/ax^ 



1=1 



and 



(<^<? )|k| tt (abxiq 1+M /Cd) ki (axi)\ k \ 



(Cdg M /6)|k| {aXiq/d,aXiq 1+M ) kt l ± {qxi/xj) ki ' 

7 — 1 — 4 

by the 6 i— ► d, c, i— > Qg Zi , d i— > ag"! 1 '/^, i — 1, . . . , r, case of Proposition ^. 21 There- 
fore we must have (|3.4a|) . with (/ n k)n,kez r as i n (|3.5aj) . and the above sequences 
a n and 6k- After simplifications and the substitutions a i— > d/a, 6 i— > d, d i— »■ 6d/a, 
| — ► Ci/xj, z = 1, . . . , r, we arrive at ()4.1jl . □ 
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Alternative proof of Theorem \4.1\ We combine the multilateral matrix inverse in 
Theorem 13.31 with the A r extension of Jackson's terminating balanced very-well- 
poised 807 summation in Proposition 12.31 using the inverse relations (|3.4|) . 
In particular, we have (|3.4b[) . with (gki)k,iez r as in (|3.10b|) . 



(aq, bq/ d) M tt (bq/ Cx h aXiq/cid) M 



(aq/C, bq/Cd) M 



x 



I — 1 l,J — 1 

(bq 1+M /d, Cq- M /a) W {cid/axfo xf 



and 



(bq/d)m fj^ (bciq 1+M /Cxi, c { dq- M /ax,/) k (6x^/0) m 

x (-i^iv^iv^-iy^ 1 ' 1 ), 



[a,abq 1+M /Cd,q M )|k| A (b/Cxj) M _ ki (d/xj)^ -A- 

11 (V/Ar-.W, , (n-r,nlrl\, 11 



(Cdg M /6, ag 1+M )| k | Al (d/x^-^ (axiq/d) ki .-^ [qxi/x^ ' 

by the 6 i— ► d, c.j h- ► d i— > ag - ' 1 '/^, z = l,...,r, case of Proposition 

Therefore we must have (|3.4ajl . with (/ n k)n,kez r as i n (|3.10a|) . and the above 
sequences a n and b k . After simplifications and the substitutions a i— ► d/a, b i— > d, 
d i — > &d/a, i — > Ci/xi, i — 1, . . . ,r, we arrive at (j4.1j) . □ 

Remark 4.2. Two special cases of Theorem 14.11 are of particular interest: 

(1) If Ci = q~ ki , for i = l,...,r, then the multilateral series in (j4.1j) gets 
truncated from below and from above so that the multiple sum is finite. 
By a polynomial argument, we can replace q M by bc/aq. If we then perform 
the substitution d i— > dg~' k ' and replace fcj by mj, i = 1, . . . , r, we obtain 
an A r extension of Jackson's terminating balanced very-well-poised 807 
summation (cf. [17, Thm. 6.14]) which, via a polynomial argument, is 
equivalent to Proposition 12.21 

(2) If, in (|4. ljl . we let M — > oo and perform the substitution d i— ► dg~' k ', 
we can repeatedly apply analytic continuation to replace g fcl by a/Qe; for 
i = 1, . . . , r (in order to relax the integrality condition of the fcj's), where 
ei, . . . , e r are new complex parameters. We then obtain the A r extension 
of Bailey's very-well-poised summation in Proposition 12.61 

Theorem 4.3 (An A r balanced very-well-poised 8^8 summation formula). Let a, 

b, ci, . . . , c r , d and x\, . . . , x r be indeterminate, let k\, . . . , k r be integers, and let 
M be a nonnegative integer. Then 



y ^i-ag 2 '"') (b,aq 1+M /b,aq-M/C) lnl |n| yr x t q^ - Xj q n ' 
^..jb-oo (bq- M ,aq/b,aq/C) lal Q J}^ x t -x 
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n jcjXj/xj)^ -py {dq 1+M /Cxi)\ n \_ ni (cidq ki /Cxi)\ n \ {aXiq~ M /d) Ui 



X 



11 [q 1 +kj CjXi / Xj ) n . 11 (dq/Cxi)\ a \- ni (cidq 1+M /Cxi)\ n \ (axiq 1 w /d) ni 

tt (qCjXi/ CiXj, qXi/ Xj)^ y~[ ( ax i(l/ c idi Cidq/aXi, Cx^q/ d, dq/Cxi)^ 
i =i {(ICjXi/xj.qXi/ciXj)^ Al (axiq/ d,dq/ ax h Cidq/ Cx h Cxiq/ Cid)^ 

(aq, g/a)oo (Cg/6, aq/bC) M tt {cjdq/Cx^dq/ax^M tt (gCjXj/ Xj) ki 
(aq/C, Cq/a)^ (aq/b,q/b) M 44 (cidq/aXi,dq/Cxi) M (qCjXi/ciXj) ki 

x (Cg/a,g~ M )| k| -pj (c^/ax^) [k | (bcjd/aCxj, Cjdq 1+M /bCxj) ki ^ 
(Cq/b,bCq~ M /a)\k\ fj^ (d/axi)\ k \ (cid/Cx i} Cidq 1+M /axi) kz 

Proof. We combine the multilateral matrix inverse in Theorem 13.31 with the A r 
extension of Jackson's terminating balanced very-well-poised 807 summation in 
Proposition 12.21 using the inverse relations ()3.3|) . 

In particular, we have ()3.3b|) . with (<7ki)k,iez r as in (|3.10b|) . 

(bq/d,bq/ad) M tt (bcjq/axj, bq/Cxj) M tt, , , 
° k ~ (bCq/ad,bq/Cd) M f{ (bdq/Cx^bq/ax^M ll^W 3 ^ 

x^ -ZjV' TT ( & 9 1+M /C^)|k|-fc 4 {ax % q- M /b) ki 



l<i<j'<r 



■''i-Xj fJl (b/Cxi)\ k ^ kt (bCiq 1+M /Cxi)\k\ 



x 



;i-ag 2 l k l) (ad/b,bq 1+M /d) lkl 



|k| 



^1 — a) (ac?g M /b,bq/d)m 



and 



& _ tt Cjg fi /xj - Cjq^/xj tt 1 - &Qg'' +|1| /a^ -p-r 

11 r/T- — c.'/tj 11 1 — hrlrtT- 11 



h . ; r Cj/a^j Cj/^i i=1 1 bci/axi =1 (qCiXj/cjXi)i 

r 

n 



M )|i| TT ( &c */ aa; *)|i| (cid/Cxi,b 2 Ciq 1+M /aCdxi) k 



(bCq/ad, Cdq- M /b)\y\ 11 (fcc^+^/ax^ 



1 

x • 



x (.i^-mvr-miik-Hii^iii 

by the fcj 1— ► Zj, a 1— > 6/a, q \— > Ciq ki , d \— > g 1_ l k l/a, Xj 1— > q/xj, i = l,...,r, case 
of Proposition 12.21 Therefore we must have (|3.3a|) . with (/ n k)n,keZ'- as in (|3.1Ua|) . 
and the above sequences and b n . After simplifications and the simultaneous 
substitutions b t— > d, d t— > bd/a, ki *—>■ rii, rii 1— > ki, i = l,...,r, we arrive at 
flPD - □ 

Remark 4.4. Two special cases of Theorem 14.31 are of particular interest: 

(1) If Ci = q~ k \ for % = 1, . . . , r, then the multilateral series in ()4.1|) gets trun- 
cated from below and from above so that the multiple sum is finite. By a 
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polynomial argument, we can replace q M by bc/aq. If we then perform the 
substitution d i— > dg~' k ' and replace fcj by i — 1, . . . , r, we obtain an A r 
extension of Jackson's terminating balanced very-well-poised §07 summa- 
tion (cf. |2~ol Thm. 4.1]) which, via a polynomial argument, is equivalent 
to Proposition 12. HI 

(2) If, in (j4.1|) . we let b — > oo, we can apply analytic continuation to replace q M 
by bd/a. If we then perform the substitutions d i— > dg~' k ' and Cj i— > Ciq~ ki , 
for i = 1, . . . , r, we can repeatedly apply analytic continuation to replace 
qki by aje^ for i = 1, . . . ,r. After subsequent relabelling of parameters 
b i— > d, c.j i — > a/ej, c? i— > b, i— > Cj, for i = 1, . . . , r, we obtain exactly the A r 
extension of Bailey's very- well-poised 6^6 summation in Proposition 12.71 

Theorem 4.5 (A C r balanced very-well-poised s?p8 summation formula). Let a, 

b, ci, . . . , Cr, d and x%, . . . ,x r be indeterminate, let fci, . . . , k r be integers, and let 
M be a nonnegative integer. Then 

Xiq n% — Xjq nj T-r 1 — aXiXjq ni+n i 



^ *^ 7 . ax 2 3/ j 



m,...,n r =— oo l<i<j'<r ' J l<i<j<r 
r 

X 



n yCjXi/xj.aXjXjq ki /cj) ni -i^j (focj, dxjg |k| , aXiq 1+M /b, ax { q M jd) ni 



X 



(aXiXjq/ci,q 1+k iCjXi/xj) ni fj^ (axiq/b,axiq l W/d, fra^g M ,dxiq 1+M ) nt 

Y\i 1=1 \QCjXij CiXj, qXi/ Xj^joo r^i<j<j< r (oXjX 1 'Q', O2^i^j')oo 

Iljj = i \QCjX{/ Xjj qxij C{Xj, aX{X jq / Ci, Cjq/ axiXj^QQ 

n. . t— 1- (aXiql Cid, c^dq/ ax,, dxiql Cj, Cj-g/ dxA^ 

{aXiXjq/CiCj,CiCjq/aXiXj)oo ]_]_- 



^ ! (axiq/d.dq/axi.dxiq.q/dxi)^ 

^ -pj {aXiq/bci,Ciq/bxi,dxiq,dq/aXi) M {cid/aXi)\^\ -j-r r c . c ./ ax . x \-i 
^{c i dq/ax il dx i q/c u q/bxi 1 ax i q/b) M {dxi 1 d/aXi)^ x ^ 13 1 3 kl+kj 

x (M/a, dq 1+M /b, q~ M )\k\ YlUMxj/d)^^ yr {qCjXj/xj, c j q/ax l x j ) k] 
]Y i =i( c iQ/ bx i^ bc iQ~ M / ax i^ c i d Q 1+M / ax i)k l ^ (qCjXi/ciXj)^ 

Proof. We combine the multilateral matrix inverse in Theorem 13.51 with the Z) r 
extension of Jackson's terminating balanced very-well-poised §07 summation in 
Proposition I2.5[ using the inverse relations ()3.3|) . 

In particular, we have (J3.3bj) . with (#ki)k,iez p as i n (|3.12bj) . 

_ -A- (bcjq/axi, bxjq/cj, bq/adxj, bxjq/d) M (adxj/b, bXjq 1+M /d, aXiq- M /b) ki 
(bxiq/cid, bciq/adxi, bxiq, bq/axi) m {adXiq 1 ~ M /b, bxiq l+M , bxiq/d) ki 
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x ' k ' TT x ' i( l kl ~ Xjq kj t— r 1 — aXiXjq fCl+kj -i— r (cjXi/xj)^ 

X i. r» . ry . A J_ 1 fi rp . rp . X i. 



3/ 4 X n X (XX 4 X A ( CLX i X n d f Co ] fc; 

l<i<j'<r l<i<J<r J i,i=l v J ' 3 ' s 



and 



T-r - cjq^/xj yr 1 - Sci^N/as, -j-r 

J. J. f - It- — r ■ t ■ J- J. 1 — Acv. / ri T ■ A A 



t . Ci/xi-Cj/xj f \ 1-ba/aXi i L j ^ 1 (qc i x j /c j x i ) k 

1 r 

n- , r TT(6cj/a^) |i| {bXiq/ a) ^.c^x^ 1 ' 



(ciCi / aXjXn)i.+i . 

l<i<j<r K 1 3' 1 0)h+h i=\ 
x W^l^ 6 -r[H g -r('J)4rE^ (^) , 

n[=i( &c i9/«^, dciq~ M /bXi, bCiq 1+M /axi) h 

by the fcj i— > Zj, a i— > 6/a, 6 i— ► d, q i— > Qg fc % cd i— ► 1/a, i— > Ci/xi, i = 1, . . . , r, case 
of Proposition 12.51 Therefore we must have ()3.3a|) . with (/ n k)n,kez r as in ()3.12a|) . 
and the above sequences a k and b n . After simplifications and the simultaneous 
substitutions b *—>■ d, d *—>■ bd/a, ki *—>■ n.j, \— > fcj, i = l,...,r, we arrive at 
(Oil . □ 

Remark 4.6. Two special cases of Theorem 14.51 are of particular interest: 

(1) If Q = q~ ki , for z = l,...,r, then the multilateral series in ()4.3|) gets 
truncated from below and from above so that the multiple sum is finite. 
By a polynomial argument, we can replace q M by bc/aq. If we then perform 
the substitution d i— > c/g~' k ' and replace fcj by mj, i = 1, . . . , r, we obtain 
the C r extension of Jackson's terminating balanced very-well-poised 807 
summation in Proposition 12.41 

(2) If, in ([4.3)1 . we let M —> oo and perform the substitution d i— ► <ig~' k ', 
we can repeatedly apply analytic continuation to replace q kl by ajciti for 
i = 1, . . . , r (in order to relax the integrality condition of the fcj's), where 
ei, . . . , e r are new complex parameters. We then obtain the C r extension 
of Bailey's very-well-poised qi/jq summation in Proposition 12.81 



Appendix A. 

It is indeed quite interesting that concerning the multilateral matrix inversion 
result in Theorem 13.51 (/ n k)n,kez r happens to be the left-inverse of (<?ki)k,iez r , but 
not the right-inverse (unless in special cases, e.g., when both matrices are upper- 
or lower-triangular). Let us assume, for a moment, that (/ n k)n,kez r would also be 
the right-inverse of (<?ki)k,iez r (which cannot be justified, see also Remark l3~o^ . By 
combining these matrices with the C r very-well-poised summation formula in 
Proposition 12.81 by virtue of multidimensional inverse relations one would be able 
to deduce a "new" D r very-well-poised 6^6 summation formula which, however, 
turns out to be false for r > 1, as the series does not converge. 
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In particular, we have (|3.4bJ) with (gki)k,ie»- as in (|3.12b|) . 

a\= Yi (axiXjq/ciCj^q/eiejXiX^oo J~| (axix^q/ axiXj)^ 

l<i<j<r 1 <i< j <t 

(bq/d)^ yi (aXiq/ciCjX^qXi/xj)^ 



n 



(a r+1 bq/CdE) 00 .-^ (aXiq/ejXj, q/ejXiXj, aXiXjq/ci, qXi/ciXj)^ 



[axiqj Cid, aqj detXi , bxiq/ q, bqj dXi 



{bxiq.bq/axi.axiq/d.q/dxi)^ 
x TT {ciCjXj I a,Xi)i. TT (ciCjl aXiXj)i + i . TT — — ; — - * — —. — r 



(bq/d) w \CdEj q l\{cj 



and 



tt (ejXiXj) ki -A- (dxi) ki ( a r b \ |k| 
ijii (aXiq/ejXj)^ f = { (axiq/d) kx \( 



CdE 



by the b 1— > aq~^/b, C{ t— > i = 1, . . . ,r, case of Proposition 12.81 As we are 

(erroneously) assuming that (/ n k)n,kez r is the right-inverse of (<7ki)k,iez p 5 we must 
have ()3.4a|) . with (/ n k)n,kez r as in (|3.5a|) . and the above sequences a n and b^. 
After simplifications and the simultaneous substitutions a 1— > bc/a 2 , b t— > be/ 'a, 
q 1 — > aq~ kl /ci, d \— > cd/a, 1— > bccieiq kl / a 3 , Xi 1— > aq~ kl /ciXi, i — 1, . . . ,r, we can 
get rid of the fcj and would arrive at the following identity: 

e n x -^^h 1 -^^ n 

ni,...,n r =— 00 l<i<j'<r J i=l l<i<j<r 

^ TT (^i*^i/*^i)nj TT (bc/CiXi, CjXj) | n | {dxi) ni 

.-LA (axiq/cjXj, aCiXiXjq/bc) ni (axiq/ei)\ n \ (be/ axi)\ a \- n . 1 

(ag/rf)| n | \bcdE J 
t~j (o^XiXjq/bcjoQ j-j (aXiq/ CjGiXj, aCiXiXjqfbcej, qXi/ Xj)^ 

(aq/dE)^ -pi- (aa^g, g/axj, axjq/bc, aq/cjdxj, aCjXjq/bcd)^ 

' ' ( nnr a / f> ■ r-^rnlhr n n t ■ airier- n^- v •■ n Ihrii.p 1 



X 



(ag/d)oo ^ (axiq/e h c^q/bc, q/ciX h q/dx h a?Xiq/bcdei) c 
where e2(n) is the second elementary symmetric function of . . . ,n r ). 
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Now, due to the factor g _e2 ( n ) appearing in the summand, the series in (jA.lj) 
does not converge for r > 2. Therefore, the identity as stated is false. However, 
it is valid for r > 2 whenever the series terminates. For instance, when q = a 
and e, = q~ m \ for i = l,...,r, (jA.l|) reduces to Bhatnagar's D r terminating 
very- well-poised 60s summation, derived in |U Thm. 2]. 
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